Fill Ups of Functions

5 i
=3sin ﬂ——xz
16

Q. 1. The values of f(x) * lie in the interval

Ans. [ﬂ, %}

Solution. For the given function to be defined

JTI:2 2
e >0 =>-T4<x<m/d
- D= [-4,w4]

Now, forx € [- w4, w4], Vn? /16 -x* €[0,7/4]

And sine function increases on [0, m/4]

2
- 0=sin 0 <sin T_ﬁ-ﬁ <sinm/4=1/42

2
—0<3sin T_ﬁ_x? <3/2

~J0)=10,3/42]

Q. 2. For the function

X

'f{x]=1+gl.-'x’ x=0

=0 . x=10
The derivative from the right, f'(0+) = .........ccceee , and the derivative from the
left, f'(0-) =..ccveen
Ans. 0,1
Solution.
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0, x=0

09 -t JOER-SO)
h—=0 h

L x=0
i) =11+"*"

h
1 g 1
a0 h hs0]4+g'h

Uk

@) - i FO-EO-D)

h—0 h
—h
0—
-1k
- lim —1+€ — lim 1 =1
-0 h 301+ 1/H

Thusf' (0*)=0andf'(07) =1

F(x) =sin~ (logg ) is
Q. 3. The domain of the function 2 given by.................

Ans. [-2,-1] U [1, 2]

[ ’1
Jix)=sin! Llu-gz ﬁJ
Solution. To find domain of function 2
- 1£log1[£:] <1
For f (x) to be defined we should have 2.

NOTE THIS STEP:

2
= 2‘15%521 = 1£x7<4
=-2Zx=-lorl=x=2
=xe[-2,-1]w[1,2]

Q. 4. Let A be a set of n distinct elements. Then the total number of distinct
functions from Ato A i1S................. and out of these................. are onto functions.

Ans. n", n’

Solution. Set A has n distinct elements. Then to define a function from A to A, we need
to associate each element of set A to any one the n elements of set A. So total number
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of functions from set A to set A is equal to the number of ways of doing n jobs where
each job can be done in n ways. The total number such waysisnxnxn x....xn(n -
times).

Hence the total number of functions from A to A is n".

Now for an onto function from A to A, we need to associate each element of A to one
and only one element of A. So total number of onto functions from set A to A is equal
to number of ways of arranging n elements in range (set A) keeping n elements fixed in
domain (set A). n elements can be arranged in n! ways.

Hence, the total number of functions from A to A is n!.

2
0 =s:'nlu["'|4_I

Q.5. If ] then domain of f(x) is .... and its range is ................

Ans. (-2, 1), [-1, 1]

Solution. The given function is,

ﬂq
=y

v4—x?

For in tobe defined 1
—-X
Also4 -2 =0 =x<land-2<x<2

f(x) =sin [Ent

>0=1-x=0

Combining these two inequalities, we get x € (— 2, 1)
~ Domain of fis (-2, 1)

Also sin g always lies in [- 1, 1].

~ Rangeof fis[-1, 1]

Q. 6. There are exactly two distinct linear functions, ................. ,and ........... which
map [- 1, 1] onto [O, 2].

Ans. x+1and-x+1

Solution. KEY CONCEPT: Every linear function is either strictly increasing or strictly
decreasing. If f (x) = ax + b, Df = [p, q], Rf = [m, n]
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Then f (p) =mand f(q) =n, if f(x) is strictly increasingand f (p) =n, f(q) =m, If f
(x) is strictly decreasing function.

Let f (X) = ax + b be the linear function which maps [-1, 1] onto [0, 2]. then f (-1) =0
andf(l)=2orf(-1)=2andf(1)=0

Depending upon f (x) is increasing or decreasing respectively.
=>—-at+b=0anda+b=2...(0)
or—-at+b=2anda+b=0...(2)

Solving (1), wegeta=1,b=1.

Solving (2), wegeta=-1,b=1

Thus there are only two functions i.e., x + 1and — x + 1.

Q. 7. If fis an even function defined on the interval (-5, 5), then four real values of

1
ro=r{25)
x satisfying the equation

Ans. 2 = 2
L 70 = f{x—“) . .
Solution. Given that x+2.) and fis an even function

O sy

I+

&

- +
x+l =x2-3x+1=0 :}1=3_
—-x+2 2

= I=
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Alsof (x) = f[%ﬂ =f(-x)
x+1 3445
2

= =y =R+ +1=0 2 x=
x+2

.. Four values of x are

3445 3-5 3+5 3-.5
272 7 2 72

_ n b 5
Q.8 1Ff(x) =sin x + "™ (05 oeomacs S Janas ) " then (gof) (x)

Ans. 1

Solution.

R e
2
= f(x)=sin’x +[5in[x+%n +oosxms[x+g)

1 1 )
= f(x)=sin’x +¢_l{5inx+ J3 cosx)? +§ cos x (cos x— 43 sinx)

5.2 7., 3
=—(5M" X4+ C05" X)=—
4( ) 4

(EaNx=g[FW]=g(54)=1
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True False of Functions

Q. 1. If f(x) = (a —x™¥" where a > 0 and n is a positive integer, then f[f(x)] = x.
Ans. T

Solution. f (x) = (a—x"", a> 0, n is + veinteger

f(F (9) = [(a— X)) = [a~{(a— x")!"}n]"

=(a—a+ xn)l/n=x

_x?+4x+30

== _
Q. 2. The function x—8x+18 s not one -to -one.

Ans. T
Solution. KEY CONCEPT : A function is one-one if it is strictly increasing or strictly

decreasing, otherwise it is many one.

2 _ 2 _
v =X +4x+30 ") — 12[x" +2x—26]
2 2
x* —8x+18 (x> —8x+18)

—12(x=33+D(x+33+1D)

= J- (x? —8x+18)°

= f(x) increases on (-3v3-13+3-1) and decreases

otherwise.
= f{x)ismanyone

Q. 3. If f1(X) and f2(x) are defined on domains D1 and D, respectively, then f; (X) +
fo (x) is defined on D1 U Da.

Ans. F
Solution. We know that sum of any two functions is defined only on the points where

both f1 as well as f, are defined that is f1 + f» is defined on D1 N D-.
=~ The given statement is false.
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Subjective Questions of Functions

Q. 1. Find the domain and range of the function
one?

2
x

Is

o=y
I+X°  the function one-to-

Solution. Since f (x) is defined and real for all real values of x, therefore domain of f is

R.

ﬂl;ls.t:-"2

=p.forally e B
1+x°

xZ
7
1+x~

and <1 (oxt<l+xNforall xe R

0= x*

g <1 = 0= f{x) < = Rangeof /=[0, 1)
l+x

Alsosince f (1) =f(-1) =%

=~ T is not one-to-one.

Q. 2. Draw the graph of y = | x [¥2 for -1 < x < 1.
Solution.

y=|x}?, -1£x<l

= y=+—x if-1€x<0=+x if0<x< 1
= P =—xif-1=x<0andy’ =xif0<x<1

[Here y should be taken always + ve, as by definition y is a + ve square root].
Clearly y? = — x represents upper half of left handed parabola (upper half asy is + ve)
and y? = x represents upper half of right handed parabola.

Therefore the resulting graph is as shown below:
.
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Q.3 Iff(X) =x°—6x3—2x" + 12x° + x* - 7x3 + 6x* + x — 3, find f (6).
Solution. f (x) =x° — 6x8 — 2x" + 12x°% + x* - 7x3 + 6x2 + X — 3

Thenf (6) =6°-6x6%-2x6"+12x6°+6°-7x63+6x%x6%+6-3
=6%9-6°-2x6"+2x6"+6'-7x6%+6°+6-3=3

Q. 4. Consider the following relations in the set of real numbers R.

R={(x.y:xeRyeRx’+y’ 15}

RB'= {(r,y}:x eRyeRyz %xz}

Find the domain and range of R N R'. Is the relation R N R' a function?

Solution. R = [(X, ¥); X e R, Y ¢ R, X% + y2 < 25] which represents all the points inside
and on the circle x? + y2 = 52, with centre (0, 0) and radius = 5

4
E'={{x,y]:x eR.y ER,yEExE}

X< E_}:.
Which represents all the points inside and on the upward parabola 4

~y

AN

-
'nl'}

Thus & ~ B'=R n K. = The set of all points in shaded region.
For
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x2+)2 €25

= 2122532 1)
4 4
4 ’l 16x 2 16x 7
dy> st < x5
ana y gx = 31 ¥y = 81 ¥y
1
o 25-10F 50502 e
81
16 4

. Combining (1)and (2) x* < 25—

= 16x*+81x? -2025<0
oo Domainof R m R'=
fr:x e R, 16x*+81x2- 2025 <0} andrange of R ~ K’

2
—{y:y € Ry> %,Jﬁx‘usu’*—zmgﬂ}

R~ R js not a function because image of an element is not unique , e..g., (0, 1), (0, 2),
(0, 3)..... ERn .

Q. 5. Let A and B be two sets each with a finite number of elements. Assume that
there is an injective mapping from A to B and that there is an injective mapping
from B to A. Prove that there is a bijective mapping from A to B.

Solution. As there is an injective maping from A to B, each element of A has unique
image in B. Similarly as there is an injective mapping from B to A, each element of B
has unique image in A. So we can conclude that each element of A has unique image in
B and each element of B has unique image in A or in other words there is one to one
mapping from A to B. Thus there is bijective mapping from A to B.

Q.6. Let f be a one-one function with domain {x, y, z} and range {1, 2, 3}. It is
given that exactly one of the following statements is true and the remaining two
are false f (x) =1, f (y) # 1, f (2) # 2 determine f(1).

Solution. f is one one function,

Df={x,y,z}; Rf ={1, 2, 3}

Eaxctly one of the following is true :

fx)=11fy)#1,f(z)#2

To determine f -1 (1):

Case I: f (x) = 1istr ue.
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= f(y) # 1, f(z) # 2 are false.

= f(y) =1, f(z) =2 are true.

But f (x) =1, f(y) = 1 are true, is not possible as f is one to one.
=~ This case is not possible.

Case II: f(y) # 1 is true.

= f(x) =1 and f (z) # 2 are false

= f(x) #1 and f (z) = 2 are true

Thus, f(xX)# 1, f(y) #1,f(z)=2

= Either f (x) or f (y) = 2. So, f is not one to one
=~ This case is also not possible.

~ f(z) # 2 1is true

~f(x)=1andf(y) #1 are false.

= f(x)# 1 and f (y) = 1 are true.

=>f-1(1)=y

Q.7. Let R be the set of real numbers and f : R — R be such that for all x and y in
R [f(x)-f(y) | <|x-Yy[®. Prove that f(x) is a constant

Solution.

Since |f(x)-fQ) <|x—yPistrue ¥ x.y € R

We have for x =y, Mﬂx—_ﬂz
[x=y]

J)-10)

x-y

= lim
Y—x

< ]i|11|Jf—;u|2
yox

= [f'@I<0 =1'®)=0
= f(x)is a constant function. Hence Proved.
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i fla+k)=16(2" -1).
Q.8. Find the natural number ‘a’ for which =1 where the function
‘f> satisfies the relation f(x +y) =T (x) f (y) for all natural numbers x, y and

further f(1) = 2.

Solution. Given that /&) =/@f0) ¥ x. y eN andf(1)=2

To find ‘a’ such that,

Z":fl:a+k]= 162" —1)
= (1)

For this we start with ...(2)
f(1)=2

Thenf (2) = f(1+1)=f(1)f(1)
= f(2) = 22

Similarlywe get. f(3) =2,

F@=24 __ fm=2"

MNow eq. (1) can be written as

fla+1)+fla+)+fa+3)+....+fla+m)=16(2"-1)

= f@f()+f(@fQ)+f@f(3)+...+f(@)f ()
=16(2"-1)

= fl@f)+f@f@+f(@fG)+. ... +f(@fn)
=16(2"-1)

= f@IM+D+10) + - +f(m]=16[2"-1]

= fla)[2+22+2+ __+2]=16[2"-1]

2(2" -1
S f(ﬂ){ ¢ D

= fl@)=8=2=f(3)=a=3

} = 16[2" 1]

Q.9. Let {x} and [x] denotes the fractional and integral part of a real number x
respectively. Solve 4{x} = x + [X].

Solution. Given that 4 {x} = x + [X]

Where [x] = greatest integer < X
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{x} = fractional part of x
~ X =[x] +{x} forany x eR
~ Given eq" becomes

A0G =X+ {3+ [X] =3{x}=2[x]

3
= H=5® o

Now—-1<{x}=<1
3 3 3
— _E{E{I}'qi

3 3
= ——<[x]<s

2 2 [Using eq" (1)]

= [x]=-1,0,1
If [x]=-1
=-—1 =E{x}

2 [Using eq" (1)]

= {x}=—§
S x=[x]+ {x}
= x=-1+(-23)=-573

If [x]=0

[Using eq” (1)]

2 [Using eq" (1)]

= [x}=23 =x=1+23=573
Thus, x=-35/3, 0, 53
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Q.10. A function f :IR — IR, where IR is the set of real numbers, is defined

=X 658
by a+6x-8c"  Find the interval of values of o for which f is onto. Is the

function one-to-one for a =3?

Solution.
2

I.Etusputy=m

o+ 6x—8x

= (o+60—8x)y=ox?+6x—8

= (a+8)x*+6(1-»)x—(8+w)=0

Sincexisreal, D=0

= 36(1-)+4(c+8)(B+w)=0

= O(1-2p+y)+[Bo+ (64 + o)y + Bog?] 20

= 2(9+80)+y46+a?)+(0+8c) =0 D

For (1) tohold foreachy € R.9+8a=0

and (46 + o2 -4 (9+ 8 <0 = a=>-9/8

and [46 + o’ — 2 (9 + 8o)] [46 + 0 + 2 (0 + 8c)] <0
= a>—0/8

and (o — 160+ 28) (o + 160+ 64) <0 = o>—0/8
and (a—2)(a—14) (w+ 8P’ <0=a=—8/"0

and (o —2)(o—14) =0 [ (r:1+E}2 =0]
=ax—80and2<o 14 = 2514

2, fxm
Thus, 7(x) = =5 758 illbeontoif?2<a <14.
o+ IISJL'—E:::2
When a=3

7
3Ix“+6x-8
J@) =———
3+6x—8x~

In this case f(x) =0 implies, 3x> +6x—8=0

62436406 —6%4132 —6£2,33
= = =
6 6 6

~132453)

This shows that

f[%(—3+~l"ﬁ}:| _ IE(—B—E}}(}
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Therefore, f is not one-to-one at o = 3.

Q.11. Let f(x) = Ax? + Bx +C where A, B, C are real numbers. Prove that if f(x) is
an integer whenever x is an integer, then the numbers 2A, A + B and C are all
integers. Conversely, prove that if the numbers 2A, A+B and C are all integers
then f(x) is an integer whenever X is an integer.

Solution. Suppose f (x) = Ax? + Bx + C is an integer whenever x is an integer.

~ 1(0), f(2), f (1) are integers

= C,A+B+C, A—B + C are integers.

= C, A+ B, A—B are integers

= C,A+B, (A+B)+ (A-B)=2A are integers.

Conversely suppose 2A, A + B and C are integers.

Let x be any integer.

We have

f(x)=Ax*+Bx+C

- zA[x(IE_“] +(4+B) x+C

Since x is an integer X, X (x — 1)/2 is an integer.
Also 2A, A + B and C are integers.

We get f (x) is an integer for all integer x.
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Match the following Question

Match the following Question

Direction (Q. 1 and 2) each question contains statements given in two columns,
which have to be matched. The statements in Column-1 are labelled A, B, C and D,

while the statements in Column-I1 are labelled p, g, r, s and t. Any given statement
in Column-I can have correct matching with ONE OR MORE statement(s) in
Column I1.

The appropriate bubbles corresponding to the answers to these questions have to
be darkened as illustrated in the following example:

If the correct matches are A-p, s and t; B-g and r; C-p and g; and D-s then the
correct darkening of bubbles will look like the given.

P 9 r s

Al@@000
B|(®QOE®
clO@OE®®
IICNO] - 10)]

Q. 1. Let the function defined in column 1 have domain > % and range (-o0,00)

Colhunmn 1T

(p) onto but not one-cne

Column1 q) one- cne but not onto
(A) 1+Xx ) one-one and onto
B) tanx (s) neither one-one nor onto

Ans. (A)-q; (B)—r
Solution. (A) f (x) =1 + 2%, Df = (—n/2, n/2)
The given function represents a straight line so it is one one.

But f,=1-7 =f(_%)= fmﬂfl”:fg]

~ Rangef=(l-m 1+mx) € (—w,x)
.. f1s not onto. Hence (A) — (q).
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(B) T (x) =tan x It is an increasing function on (-n/2, ©/2) and its range
= (—o0,0) = co-domain of f.

-~ fis one one onto.
~(B)—r

JL'2 —OBx+5

tet 9= Jc2 S5x+6
Q.2. -

Match of expressions/statements in Column | with expressions/statements in
Column Il and indicate your answer by darkening the appropriate bubbles in the
4 x 4 matrix given in the ORS.

Column I Column IT
(A) f—1<x<1, thenflx)satisfies (p) 0<fMx)<1
(B) If1<x<2 thenfx)satisfies (@) Ax)<0
(C) If3<x<3,thenflx)satisfies @) f)=0
(D) Ifx> 5, then flx) satisfies (=) f)=1

Ans. (A)-p,r,s;(B)-q,5;(C)-q,s;(D)-p,r,5s
Solution.

X’ —6x+5 _ (x=5)x-1)
¥t —5x+6 (x—-2)(x-3)

We have f{x) =

Integar Type question

Q. 1. Let f: [0, 4n] — [0, 7] be defined by f (x) = cos™(cos x). The number of points
X €[ 0,4x] satisfying the equation

10—x |
= is
10

f(x)

Ans. 3

Solution.
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We have f:[0,4n] —[0,n]
flx)= cos (cosx)

10-
and g(x) =~ =1-2

10 10

The graph of y =f (x) and y = g (x) are as follows.

Clearly f(x) = g(x) has 3 solutions.
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